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Part I: Introduction to the Double Copy

Part |
Brief Introduction to the Double Copy
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Scattering Amplitudes

Calculable with Feynman diagrams:

™~ / >< + =+ ...
7 \ @ good: general, clear physical picture.

@ bad: inefficient, symmetries obscured.
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Scattering Amplitudes

Calculable with Feynman diagrams:

St

@ good: general, clear physical picture.
@ bad: inefficient, symmetries obscured.
Every theoretical physicist who is any good knows

six or seven different theoretical representations
for exactly the same physics.

Modern approaches explore relations between theories, e.g.
gravity vs. gauge theory.

Hidden in usual Lagrangian / equations of motion.
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Perturbative gravity is hard!

Feynman rules: expand Einstein-Hilbert Lagrangian g, = 1., + A, Dewit ss]
S
-
P Y
Sym[—1Ps(p- 00" — 1Ps(p7p ™ n*N)+1Pa(p- p'n* n PN+ Pe(p- ' n*noon ™)+ Pa(pp 0" n"?)
—3Ps(pp" w nN)+3Ps(pep Mt )3 Pe(peprnren )+ Po(pp g ene) + Pa(pop  a™on™)
5s =Pu(p-p'wrrnmen)],
Bwufs‘au'r’aﬁop”)‘"Ewﬂ”x”'—}
Sym[—§Ps(p- p'nn 0P n*)—§ Pra(p7p™n* 0" ) — 1 Po(p7p s P ) +§ Ps (- p'n* 0" 0" ')
+1Ps(p- 00 e ™)+ 1P (pp e )+ Ps (b7 My o ™) — 1 Po (b p 0t on" TP n™)
+1Pas(p- p'nn e ™ )+ Pas(pop ey M0t ) 1 Pra(pep Mpronp )+ 3 Pos(pop P e )
—5Pua(p-p'non oM ) =3 Pra(p7p M0 M0t )+ 5 Pra(pprn ™ w0 ) = § Pas(p- p'n" P )
— Pu(popaen™n)— Pra(pop n 0 ™) — Pas(pop’on™n"sn’™) — P1a(p#p"n o0 n™)
+Ps(p-p'n o ) — Pra(popon*n™n™) — §Pra(p- p'non ™ 7 n™) — Pra(popPn™n*n™)
= Po(pep" n M nton’ ") — Paa(pp'onmn” ) — Pra(pop'en M=)+ 2Po(p- p'n'on™on ™) .

+ infinite number of higher-point vertices. ..

&
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Gravity ~ (Yang-Mills)2 in Scattering Amplitudes

Asymptotic states

@ Yang-Mills theory: gluon A, = e**¢, T2
colour index a, polarisation ¢, has D — 2 dof.
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Gravity ~ (Yang-Mills)2 in Scattering Amplitudes

Asymptotic states

@ Yang-Mills theory: gluon A, = e**¢, T2
colour index a, polarisation ¢, has D — 2 dof.

@ ‘Product gravity': state e**¢,, ,with |c,, =¢, & | orlinear comb.

Contains graviton h,,, + dilaton ¢ + B-field B,,, (D — 2)? dof.

Scattering amplitudes

@ “Factorisation” of e/, € preserved by interactions!

@ Double copy | Agay(z/") ~ (prop) ™ Avm(€/) % Am(E") | soiour sipped

@ Famous application: Supergravity UV behaviour. (Bern,carrasco,Johansson,Roiban....]
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String theory origin

QFT from string theory as o/ = 2 — 0 : alternative to Feynman expansion.
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Koy 9= @)

particle scattering string scattering
(many Feynman diagrams) (one “world-sheet”, 2D CFT)
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String theory origin

QFT from string theory as o/ = 2 — 0 : alternative to Feynman expansion.

Koy 9= @)

particle scattering string scattering
(many Feynman diagrams) (one “world-sheet”, 2D CFT)

Gravity (closed strings) vs. gauge theory (open strings):
Asymptotic states (vertex operators): Vgosed("” = €"€”) ~ Vopen(€") Vopen(€”)
Scattering amplitudes: @
KLT relatlons ‘ @
[Kawai, Lewellen, Tye 86]

Field theory limit:  Gravity ~ (Yang-Mills)2  (KLT, BCJ, CHY, ...)
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Why simpler?
Basic example: 3-pt interactions.
A

Gauge theory field A%

3-ptvertex: |7 VX A2(py) AB(p2) AS(Ps)

VI = (1 = p2) 0 + (P2 = Pa)n”* + (Ps — p1)"m ™

Gravity field H,,, ~ graviton + dilaton + B-field ‘fat graviton’

3-ptvertex: | Vi VEVA H (o) Hiw (P2) Hax (Ps)
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Why simpler?

Basic example: 3-pt interactions.

SRS

Gauge theory field A%

3-pt vertex:

fave vivr A2 (py) AD(pz) AS (ps)

VI = (1 = p2) 0 + (P2 = Pa)n”* + (Ps — p1)"m ™

Gravity field H,,, ~ graviton + dilaton + B-field ‘fat graviton’

3-pt vertex:

VA VEYX Hy (Pr) How (P2) Hax (Ps)

Great simplification: index factorisation, c.f. ~100 terms in GR 3-pt vertex!

Powerful implementation: colour-kinematics duality. [Bern, Carrasco, Johansson ‘08] [..]
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New directions in (classical) perturbative gravity

Generically, double copy applies in perturbation theory.

e Double-copy-like field theory for gravity.

[Bern et al] [Goldberger et al] [Luna et al] [Cheung et al] [Plefka et al] [Borsten et al] [...]

e Gauge-invariant approach: classical physics from scattering amplitudes.

[Neill et al] [Bjerrum-Bohr et al] [Kosower et al] [Di Vecchia et al] [Guevara et al] [Huang et al] [Arkani-Hamed et al] [...]

e Beyond Minkowski: amplitudes on plane wave backgrounds.  (adamoetal [...]

e Highlight: new G2, G* (3PM, 4PM) corrections to 2-body potential.

[Bern et al]
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Part Il
Application to Exact Classical Solutions

= Kerr-Schild DC: vacuum
Kerr-Schild-like DC: DFT
Weyl (Spinorial) DC: vacuum

&
[P\

‘_ -

Ricardo Monteiro (Queen Mary) Gravity as a Double Copy of Gauge Theory 10/34



Part II: Application to Exact Classical Solutions

Beyond perturbation theory

Question: is a black hole a double copy of something?
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Beyond perturbation theory

Question: is a black hole a double copy of something?

Challenges:

@ What is “graviton” in exact solution?

@ Non-perturbative double copy?

Still...

@ Can relate to perturbation theory.

Examples: Schwarzchild [puif 73; Neil, Rothstein 131, ShOCKwave [sactome, Akhoury "12].

@ Direct map of exact solutions? Need miracle!
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Part II: Application to Exact Classical Solutions

Beyond perturbation theory

Question: is a black hole a double copy of something?

Challenges:

@ What is “graviton” in exact solution?

@ Non-perturbative double copy?

Still...

@ Can relate to perturbation theory.

Examples: Schwarzchild [puif 73; Neil, Rothstein 131, ShOCKwave [sactome, Akhoury "12].

@ Direct map of exact solutions? Need miracle!  Symmetry
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Part II: Application to Exact Classical Solutions

Stationary Kerr-Schild Spacetimes [RM, O'Connell, White 14]
“Exact perturbation” ’ v = N + o Kuky
where k,, is null and geodesic wrt 7, and g,.. (k* = gk, = n*¥k,)
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Part II: Application to Exact Classical Solutions

Stationary Kerr-Schild Spacetimes [RM, O'Connell, White 14]
“Exact perturbation” ’ v = N + o Kuky
where k,, is null and geodesic wrt 7, and g,.. (k* = gk, = n*¥k,)

Einstein equations linearise:
@ ghv =nt — p kFKY
@ R, = 10, [0" (0k“k,) + O, (k") — 0% (¢pk"k,)] ot =nhro,
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Part II: Application to Exact Classical Solutions

Stationary Kerr-Schild spacetimes

[RM, O’Connell, White 14]

“Exact perturbation” ’ v = N + o Kuky

where k,, is null and geodesic wrt 7, and g,. (k* = gk, = n*¥k,)

Einstein equations linearise:
@ ghv =nt — p kFKY

@ A", = %Ba [0 (pk“K,) + Oy (pk* kM) — O™ (kM K, )] or =ntvo,

Stationary vacuum case (take ko =1):  R% = 3 V2¢ =0

o = 40,0/ () ~ 0 (0k)] =0
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Part II: Application to Exact Classical Solutions

Stationary Kerr-Schild spacetimes

“Exact perturbation” ’ G = N + G Kk,

where k, is null and geodesic wrt 7,,, and g,.
Einstein equations linearise:

® ghv =t — G k1KY

® RM, = 104 [0" (0k“k,) + D, (Sk kM) — 0 (ok"k,)]

[RM, O’Connell, White 14]

(k* = g'k, = n""k,)

au = 77/“’81/

Stationary vacuum case (take ko = 1): R% = 1V%p=0

-2

Rio = 00 [0 (ok") — 0 (ok')] =0

“Single copy” linear «» Abelian, | A% = ¢k, c?
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Part II: Application to Exact Classical Solutions

Stationary Kerr-Schild spacetimes

[RM, O’Connell, White 14]

“Exact perturbation” ’ v = N + o Kuky

where k,, is null and geodesic wrt 7, and g,. (k* = gk, = n*¥k,)
Einstein equations linearise:
@ ghv =M — ¢ kPkY

@ A", = %Ba [0 (pk“K,) + Oy (pk* kM) — O™ (kM K, )] or =ntvo,

Stationary vacuum case (take ko =1):  R% = 3 V2¢ =0

o = 40,0/ () ~ 0 (0k)] =0

“Single copy” linear «» Abelian, | A% = ¢k, c? c? const
—V2¢ vr=20
— any __ .a . L
0= = ok ook vt Y
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Part II: Application to Exact Classical Solutions

Simplest example: point charge

Check spherically symmetric solutions sourced by point charge.

Einstein theory: Schwarzschild solution

2M
o g;w:UMu—Fd)kay, (b(r):T, k=dt+dr
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Part II: Application to Exact Classical Solutions

Simplest example: point charge

Check spherically symmetric solutions sourced by point charge.

Einstein theory: Schwarzschild solution

YM theory: Coulomb solution

Ricardo Monteiro (Queen Mary)

v = N + ¢ kukuv

o(r)

:g, k=dt+adr

A/z, = ¢k/m ¢(r) = r

q

A At+d(—qlogr) = gdt
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Part II: Application to Exact Classical Solutions

Simplest example: point charge

Check spherically symmetric solutions sourced by point charge.

Einstein theory: Schwarzschild solution

2M
o g;w:UMu—Fd)kay, (b(r):T, k =dt+ dr
YM theory: Coulomb solution
o A =ok,, qﬁ(r):g A Atd(—qlogr)=1

Schwarzschild ~ Coulomb

- - ()
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Part II: Application to Exact Classical Solutions

Many more examples
Rotation
@ Kerr black hole: (M, J).

@ D > 4: Myers-Perry black holes (M, J).
Other black holes families? Black rings, etc...
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Many more examples

Rotation
@ Kerr black hole: (M, J).

@ D > 4: Myers-Perry black holes (M, J).
Other black holes families? Black rings, etc...

Cosmological constant <« constant charge density. [Luna, RM, O'Connell, White '15]
[Bahjat-Abbas, Luna, White '17; Carrillo-Gonzalez, Penco, Trodden 17]

NUT charge <« magnetic monopole: multi-Kerr-Schild (Luna, R, 0'Connell, white '15]

gRoNT) =+ b Kk, Ll dox M, o N = AN =Gk, 440,

Radiation from accelerated particle: correct Bremsstrahlung.
[Luna, RM, Nicholson, O’Connell, White 16]
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Part II: Application to Exact Classical Solutions

Many more examples

Rotation
@ Kerr black hole: (M, J).
@ D > 4: Myers-Perry black holes (M, J).
Other black holes families? Black rings, etc...

Cosmological constant <« constant charge density. [Luna, RM, O'Connell, White '15]
[Bahjat-Abbas, Luna, White '17; Carrillo-Gonzalez, Penco, Trodden 17]

NUT charge <« magnetic monopole: multi-Kerr-Schild (Luna, R, 0'Connell, white '15]
gRoNT) =+ b Kk, Ll dox M, o N = AN =Gk, 440,

Radiation from accelerated particle: correct Bremsstrahlung.

[Luna, RM, Nicholson, O’Connell, White 16]
Much related work [Adamo et al, Alawadhi et al, Alfonsi et al, Anastasiou et al, Andrzejewski et al, Bah et al,
Bahjat-Abbas et al, Berman et al, Borsten et al, Cardoso et al, Casali et al, Chacon et al, Cho et al, Easson et al, Elor et al,
Emond et al, Goldberger et al, Gonzalez et al, Gurses et al, Keeler et al, Kim et al, Lescano, Luna et al, Cristofoli et al, Godazgar

et al, llderton et al, Lee et al, Mafra et al, Mizera et al, Pasarin et al, Pasterski et al, Prabhu, P.V. et al, Sabharwal et al, White, ...]

Ricardo Monteiro (Queen Mary) Gravity as a Double Copy of Gauge Theory 14/34



Part Il
Application to Exact Classical Solutions

Kerr-Schild DC: vacuum
= Kerr-Schild-like DC: DFT
Weyl (Spinorial) DC: vacuum

&
[P\
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Part II: Application to Exact Classical Solutions

Beyond vacuum solutions
Simplest example: (Coulomb)? ~ Schwarzschild.
2
i CS
AN

But ~ Einstein h,,, + dilaton ¢ + B-field B,,,, .
Other f|elds?

Fields conveniently packaged in Double Field Theory.

~

double copy - double field theory

pe—

Gravity = YM x YM doubled geometry (X*, X,,)
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Part II: Application to Exact Classical Solutions

Double copy for Coulomb: not unique!

=
|
™2
=
|
o

Plane waves: take polarisations ¢, , €, . €-

Simplest double copy: ¢, = €,€, .
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Double copy for Coulomb: not unique!

Plane waves: take polarisations ¢, , €, . e-k=¢& k=0
Simplest double copy: ¢, = €,é, . € q= Ekq = q2k: 0
- - - q, + K.q,
Why not E(u€v)s  €u€y], € EA,“, ? Al“/ = Nuv — W
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Double copy for Coulomb: not unique!

Plane waves: take polarisations ¢, , €, . e-k=¢& k=0
Simplest double copy: ., = €., . €-q=¢-9q=¢°=0
Why not €6y, €uén)s € ED 2 Ay = Dy — W
General: graviton + B-field + dilaton.

Euy = ch <6(N€V) - DAT/Z € €> +C® €lu€u] + c® % €-€.
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Part II: Application to Exact Classical Solutions

Double copy for Coulomb: not unique!

Plane waves: take polarisations ¢, , €, . e-k=¢& k=0
Simplest double copy: ¢, = €,é, . €-q=¢-9q=¢°=0
k v kl/ L
Why not E(Iugl,) , E[p.gl/] , € - gA,“, r) A/u/ = //“1/ — %qq/
General: graviton + B-field + dilaton.
AL, . - AV ~
Epy = c (ewgu) - f 5 € e) +c® € + c® D7j2 €-€.

Linearised (Coulomb)?: no B-field, M ~ C") graviton, Y ~ C(?) dilaton.

Coordinate space analogue of ¢,,,, : ‘fat graviton’.
[Luna, RM, Nicholson, Ochirov, O’'Connell, White, Westerberg 16] [Kim, Lee, RM, Nicholson, Veiga 19] [Luna, Nagy, White 20]

But exact solution is known:

e Y =0: SChwarZSCh”d. ° Any Y: JJNW [Janis, Newman, Winicour '68].
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Part II: Application to Exact Classical Solutions

General point charge: JNW solution

Unique static, spherically symmetric, asymp. flat solution
of Einstein + minimally coupled scalar.

Two parameters (M, Y) or (po,~). Found by Janis, Newman, Winicour '68:

v - 1—v
ds? = — (1 - p") ar + (1 - p") dp? + (1 - p") PPdQ?
P p p

Y po) M
=—I -= =2V M2 4 Y2 =
¢ Po og( p P K VM2 4 Y?

@ Y = 0: vacuum gravity — Schwarzschild (usual coords)

@ Y # 0: naked singularity at origin p = pg, cf. no-hair theorems
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General point charge: JNW solution

Unique static, spherically symmetric, asymp. flat solution
of Einstein + minimally coupled scalar.

Two parameters (M, Y) or (po,~). Found by Janis, Newman, Winicour '68:

v - 1—v
ds? = — (1 - p") ar + (1 - p") dp? + (1 - p") PPdQ?
P p p

Y po) M
= —log(1-2 =2/ M2 + Y2 L
¢ Po % < p P K VM2 4 Y?

@ Y = 0: vacuum gravity — Schwarzschild (usual coords)

@ Y # 0: naked singularity at origin p = pg, cf. no-hair theorems

Should be general (Coulomb)?. Exact double copy map? Yes, using DFT.
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Part II: Application to Exact Classical Solutions

General point charge: JNW solution

Unique static, spherically symmetric, asymp. flat solution
of Einstein + minimally coupled scalar.

Two parameters (M, Y) or (po,~). Found by Janis, Newman, Winicour '68:

v - 1—v
ds? = — (1 - p") ar + (1 - p") dp? + (1 - p") PPdQ?
P p p

Y po) M
=—I -= =2V M2 4 Y2 =
¢ Po og( p P K VM2 4 Y?

@ Y = 0: vacuum gravity — Schwarzschild (usual coords)

@ Y # 0: naked singularity at origin p = pg, cf. no-hair theorems

Should be general (Coulomb)?. Exact double copy map? Yes, using DFT.

Solution above is in Einstein frame. In string frame, g3, = €2¢ g, .
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Part II: Application to Exact Classical Solutions

Double Field Theory [Siegel '93] [Hull, Zwiebach '09 + Hohm '10]

For us: fancy formulation of ‘product gravity’ (massless level closed string).

Motivation: low-energy effective theory of closed string exhibiting T-duality.
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Part II: Application to Exact Classical Solutions

Double Field Theory [Siegel '93] [Hull, Zwiebach '09 + Hohm '10]

For us: fancy formulation of ‘product gravity’ (massless level closed string).

Motivation: low-energy effective theory of closed string exhibiting T-duality.
@ Doubled space Xy = (x*,X,), dm=2D.
(x*,X,,) conjugate to (momenta, winding). Mixed by T-duality.
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Part II: Application to Exact Classical Solutions

Double Field Theory [Siegel '93] [Hull, Zwiebach '09 + Hohm '10]

For us: fancy formulation of ‘product gravity’ (massless level closed string).

Motivation: low-energy effective theory of closed string exhibiting T-duality.
@ Doubled space Xy = (x*,X,), dm=2D.
(x*,X,,) conjugate to (momenta, winding). Mixed by T-duality.

0 o~

MMy e O(D,D): (NT(T)A) = (T). Tun = (%” 0 ) is O(D, D) metric.

@ T-duality manifest: O(D, D) covariance.
Section condition, e.g., 9/0%,, = 0: correct dof, breaks covariance.
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Part II: Application to Exact Classical Solutions

Double Field Theory [Siegel '93] [Hull, Zwiebach '09 + Hohm '10]

For us: fancy formulation of ‘product gravity’ (massless level closed string).

Motivation: low-energy effective theory of closed string exhibiting T-duality.
@ Doubled space Xy = (x*,X,), dm=2D.
(x*,X,,) conjugate to (momenta, winding). Mixed by T-duality.
AMy € O(D,D): (NT(T)N) =(T). Tun = ((;ju 5g”> is O(D, D) metric.
@ T-duality manifest: O(D, D) covariance.
Section condition, e.g., 9/0%,, = 0: correct dof, breaks covariance.

Fields packaged as tensor and scalar wrt to O(D, D).

gr _gupoV )
Bupgpu g;w_BupgpoBau '

@ DFT dilatond: e 29 =,/—ge2?.

@ Generalised metric: Hyny = (
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Part II: Application to Exact Classical Solutions

Kerr-Schild-inspired ansatz

Recall Kerr-Schild ansatz: ’ Guv = M + ¢ Kuky

k,, null and geodesic.

DFT version: take  Homn = Hmn (Guw =10, B =0), [Lee 18] [Cho, Lee 19]
[Kim, Lee, RM, Nicholson, Veiga 19]

_ _ "
Huw = Homn + ©(KuKn + KvKu) 3 PP K2KuKn

1 Kt - 1 Kkt
Ky = — Ky = — _
Y \/é(mwk”> Y ﬁ(—%#‘”)

where k,, and k,, are null and satisfy diff. contraints (or k,, not null).
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Part II: Application to Exact Classical Solutions

Kerr-Schild-inspired ansatz

Recall Kerr-Schild ansatz: ’ Guv = M + ¢ Kuky

k,, null and geodesic.

DFT version: take  Homn = Hmn (Guw =10, B =0), [Lee 18] [Cho, Lee 19]
[Kim, Lee, RM, Nicholson, Veiga 19]

_ _ "
Huw = Homn + ©(KuKn + KvKu) 3 PP K2KuKn

1 Kt - 1 Kkt
Ky = — Ky = — _
Y2 (mwk”> T2 (—mwk”)

where k,, and k,, are null and satisfy diff. contraints (or k,, not null).

99 —_
= t1/+7—k ky )

(p -
B = - kiku.
T gk k)

First examples of exact double copy with dilaton and B-field. (e 18]
JNW solution: fits ansatz.
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Double Field Theory versus Double Copy

Generalised metric %"y induces chirality:
1 _
Py = §(5MN +Hu), PN =

Project into chiral and anti-chiral sectors
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Double Field Theory versus Double Copy

Generalised metric %"y induces chirality:

1 - 1
PMN = > (5MN + HMN) , PMN = > (5MN — HMN) .
Project into chiral and anti-chiral sectors
= left and right moving sectors! (pullback to worldsheet)

Kerr-Schild-like ansatz | Hyn = Homw + @(KMRN + KNRM) +..

Satisfy definite chiralities: (Po)MNKN = Ky s (Po)MNRN = I‘_(M .

Double-copy interpretation: Ku ~ A, Ky ~ Z\u
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Double Field Theory versus Double Copy

Generalised metric %"y induces chirality:

1 - 1
PMN = > (5MN + HMN) , PMN = > (5MN — HMN) .
Project into chiral and anti-chiral sectors
= left and right moving sectors! (pullback to worldsheet)

Kerr-Schild-like ansatz | Hyn = Homw + @(KMRN + KNRM) +..

Satisfy definite chiralities: (Po)MNKN = Ky s (Po)MNRN = I‘_(M .

Double-copy interpretation: Ku ~ A, Ky ~ Z\u

KLT picture of Kerr-Schild double copy!
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Part II: Application to Exact Classical Solutions

DFT equations of motion

As in Kerr-Schild double copy, gravity e.o.m. ~» gauge theory e.o.m.
left 46 2'R,0=0"F,=0, F=dA, A,=e %k, +C,

right 4 29Rq, =0"F,, =0, F=dA, A,=e %k, +C,

General relation: A, and A, independent

Kerr-Schild-like (g,.,,B..,d) ~ (left-moving’ A,) x (‘right-moving’ A,)
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Part II: Application to Exact Classical Solutions

DFT equations of motion
As in Kerr-Schild double copy, gravity e.o.m. ~» gauge theory e.o.m.
left 46 2'R,0=0"F,=0, F=dA, A,=e %k, +C,
‘right 4 29Rq, =0"F,, =0, F=dA, A,=e %k, +C,

General relation: A, and A, independent

Kerr-Schild-like (g,.,,B..,d) ~ (left-moving’ A,) x (‘right-moving’ A,)

Our example: A, = A, up to gauge = Coulomb

JNW  ~  (‘left-moving’ Coulomb) x (‘right-moving’ Coulomb)
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Part Il
Application to Exact Classical Solutions

Kerr-Schild DC: vacuum
Kerr-Schild-like DC: DFT
= Weyl (Spinorial) DC: vacuum

&
[P\

‘_ -
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Alternative formulation

[Luna, RM, Nicholson, O’Connell 18]
Try double copy of curvatures:

A, =€, %% F. =i(K.e, — koe,) €%~

h. = €6 ehx, Ripn = %(kuel, — koeu)(Koex — knep) elkx
Obvious relation: €% *R,,, ,\ ~ Fp.Fpx

More general? Not so simple: symmetries of R,,,,., non-linear gauge, ...
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Alternative formulation

[Luna, RM, Nicholson, O’Connell 18]
Try double copy of curvatures:

A, =€, %% F. =i(K.e, — koe,) €%~

h. = €6 ehx, Ripn = %(kuel, — koeu)(Koex — knep) elkx
Obvious relation: €% *R,,, ,\ ~ Fp.Fpx

More general? Not so simple: symmetries of R,,,,., non-linear gauge, ...

Spinorial approach to GR (D = 4)

[Penrose ‘60]
: . . " 1 v v AB ARV
Basic object is Taa such that (O’AAUBB + O‘AAO’BB) e™” =g"eaB
. C L .
Translation spacetime indices < spinorindices: V,, — V,; =0, V.
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Part II: Application to Exact Classical Solutions

Alternative formulation [Luna, RM, Nicholson, O'Connell ‘18]

Try double copy of curvatures:
A, =€, %% F. =i(K.e, — koe,) €%~
‘ 1 .
h. = €6 ehx, Ripn = E(kuev — koeu)(Koex — knep) elkx

Obvious relation: €% *R,,, ,\ ~ Fp.Fpx

More general? Not so simple: symmetries of R,,,,., non-linear gauge, ...

Spinorial approach to GR (D = 4) [Penrose 60]
Basic object is O‘ZA such that (O’ZAO'E-B + a;AagB) "B = g"epg
Translation spacetime indices <« spinor indices: V,, — V3 = o/, V,..

”
Want formula:  curvature R ~ —— (curvature F)?
scalar
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Weyl spinor and algebraic classification
Weyl curvature W, :
W,vpx = Ruvpr +terms(R,., 9uv) = Rupx invacuumas R, =0
Weyl spinor Cagcp:
W,

hwox = Waagscepp = Casop €ap€cp + Casep €48 Ecp

where Cagcp = Ciascp) and CABCD is complex conjugate.

Ricardo Monteiro (Queen Mary) Gravity as a Double Copy of Gauge Theory 25/34



Weyl spinor and algebraic classification
Weyl curvature W, :

W,vpx = Ruvpr +terms(R,., 9uv) = Rupx invacuumas R, =0
Weyl spinor Cagcp:

Wuypk - W

wssceob = Cascp €ap cep + Casep €AB €D
where Cagcp = Ciascp) and CABCD is complex conjugate.
Can decompose into four rank 1 spinors:  Cagcp = aabsccdp)
— Four principal null directions: a,; = asa, and same for by, Cya, daa-
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Part II: Application to Exact Classical Solutions

Weyl spinor and algebraic classification
Weyl curvature W, :
W,vpx = Ruvpr +terms(R,., 9uv) = Rupx invacuumas R, =0
Weyl spinor Cagcp:
Wivor = Wangsoepp = Casep €5 €ep t éAECD €AB €CD
where Cagcp = Ciascp) and CABCD is complex conjugate.

Can decompose into four rank 1 spinors:  Cagcp = aabsccdp)

— Four principal null directions: a,; = asa, and same for by, Cya, daa-

Algebraic classification of spacetimes  (petrov 54
How many principal null directions are aligned? Types |, II, D, lll, N, O.
Type D: @apocca, baoxda, then Capep = y(aB Yep) » Where yag = aabg, .
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Weyl double copy: vacuum Type D spacetimes
Take Minkowski space: 0% = —5(1,0).
Maxwell spinor fag:  Fap — Faags = fas eas + fap ccp

where fag = flap) and f,5 is complex conjugate. Also fag = F(4Sg).
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Weyl double copy: vacuum Type D spacetimes

Take Minkowski space: o2 = %(]1, o).

Maxwell spinor fag:  Fap — Faagg = facas + fagcco

where fag = flap) and f,5 is complex conjugate. Also fag = F(4Sg).

‘Weyl double copy’

]
Cascp = 15 fias fop)

Type D solutions: 2 principal null directions of multiplicity 2,
Coulombic, no functional freedom. Eg. Kerr-Taub-NUT.
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Weyl double copy: vacuum Type D spacetimes

Take Minkowski space: o2 = %(]1, o).

Maxwell spinor fag:  Fap — Faagg = facas + fagcco

where fag = flap) and f,5 is complex conjugate. Also fag = F(4Sg).

‘Weyl double copy’

]
Cascp = 15 fias fop)

Type D solutions: 2 principal null directions of multiplicity 2,
Coulombic, no functional freedom. Eg. Kerr-Taub-NUT.
@ Matches stationary Kerr-Schild story ind =4. ¢ =S+ S.
Extra: C-metric «+ Lienard-Weichert potential for uniform acceleration.
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Weyl double copy: vacuum Type D spacetimes
Take Minkowski space: 0% = —5(1,0).
Maxwell spinor fag:  Fap — Faags = fas eas + fap ccp

where fag = flap) and f,5 is complex conjugate. Also fag = F(4Sg).

]
‘Weyl double copy’ Cagcp = 3 fias fep)

Type D solutions: 2 principal null directions of multiplicity 2,
Coulombic, no functional freedom. Eg. Kerr-Taub-NUT.
@ Matches stationary Kerr-Schild story ind =4. ¢ =S+ S.
Extra: C-metric «+ Lienard-Weichert potential for uniform acceleration.
@ Origin: 3 Killing rank-2 spinor, V(AA xBc) = 0. Walker, Penrose 70]

Then  Casco = X °Xx(BXcp), faB=x>xa8, S=x"".
Admit complex double-Kerr-Schild form (piebanski, Demianski 75.
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Part II: Application to Exact Classical Solutions

Weyl double copy: vacuum Type N spacetimes

Type N solutions: 1 principal null direction ¢ of multiplicity 4,
gravitational radiation, functional freedom.

fia Tep)

Ol =

3 Killing spinor (only for pp-waves), but still find | Cagcp =
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Part II: Application to Exact Classical Solutions

Weyl double copy: vacuum Type N spacetimes

Type N solutions: 1 principal null direction ¢ of multiplicity 4,
gravitational radiation, functional freedom.

# Killing spinor (only for pp-waves), but still find | Cagcp = = fias fop)

Ol =

Convenient to use spinor basis {04, 4} , €as = 0atg — 0gta, (" — 040,.

Can prove for vacuum sols: [Godazgar?, RM, Peinador, Pope 20]

Weyl tensor is type N s 3 degenerate Maxwell field
Cascp = V4 040B0c0p fag = ®2 0408

1 .
suchthat |V, = 3 (02)?| with S =0
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Part II: Application to Exact Classical Solutions

Weyl double copy: vacuum Type N spacetimes

Type N solutions: 1 principal null direction ¢ of multiplicity 4,
gravitational radiation, functional freedom.

# Killing spinor (only for pp-waves), but still find | Cagcp = = fias fop)

Ol =

Convenient to use spinor basis {04, 4} , €as = 0atg — 0gta, (" — 040,.

Can prove for vacuum sols: [Godazgar?, RM, Peinador, Pope 20]

Weyl tensor is type N s 3 degenerate Maxwell field
Cascp = V4 040B0c0p fag = ®2 0408

1 .
suchthat |V, = 3 (02)?| with S =0

Non-uniqueness due to functional freedom in S.
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Part II: Application to Exact Classical Solutions

Weyl double copy: vacuum Type N spacetimes

Weyl tensor is type N & 3 degenerate Maxwell field

Cascp = V4 04080¢c0p fap = ©2 0408
1 .
suchthat |V, = 5 (d2)?| with 1S =0
Proof: follows from 0aVAA T() + (25040 8V 05 — 1408V A405) T(S) = 0

e s=2 T =W, : Bianchi identity for Weyl tensor
e s=1,T(M = &, : Maxwell equation
e s=0,T0 = S : implies scalar wave equation
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Part II: Application to Exact Classical Solutions

Weyl double copy: vacuum Type N spacetimes

Weyl tensor is type N & 3 degenerate Maxwell field

Cascp = V4 04080¢c0p fap = ©2 0408
1 .
suchthat |V, = 5 (d2)?| with 1S =0
Proof: follows from 0aVAA T() + (25040 8V 05 — 1408V A405) T(S) = 0

e s=2 T =W, : Bianchi identity for Weyl tensor
e s=1,T() = &, : Maxwell equation
e s=0,T0 = S : implies scalar wave equation

®, and S satisfy equations on curved background.
Can ¢, and S also satisfy equations on Minkowski background?
Possible for non-twisting solutions — simple double copy interpretation.
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Part II: Application to Exact Classical Solutions

Weyl double copy: vacuum Type N spacetimes

Weyl tensor is type N & 3 degenerate Maxwell field

Cascp = V4 04080¢c0p fap = ©2 0408
1 .
suchthat |V, = 5 (d2)?| with 1S =0
Proof: follows from 0aVAA T() + (25040 8V 05 — 1408V A405) T(S) = 0

e s=2 T =W, : Bianchi identity for Weyl tensor
e s=1,T() = &, : Maxwell equation
e s=0,T0 = S : implies scalar wave equation

®, and S satisfy equations on curved background.
Can ¢, and S also satisfy equations on Minkowski background?
Possible for non-twisting solutions — simple double copy interpretation.

Weyl double copy has twistorial formulation. (white 20
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Part Ill: From Scattering Amplitudes to Classical Double Copy

Part Il

From Scattering Amplitudes to Classical Double Copy
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Part Ill: From Scattering Amplitudes to Classical Double Copy

3-point scattering amplitudes
On-shell 3-pt interaction: massive particle emits gauge boson.

p—q

p

3-pt amplitudes are the building blocks of modern on-shell methods.

Eg. BCFW recursion.
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3-point scattering amplitudes

On-shell 3-pt interaction: massive particle emits gauge boson.

p—q

2

p? = (p—q)* = m?

Q
™
I
o

p

3-pt amplitudes are the building blocks of modern on-shell methods.
Eg. BCFW recursion.

Lorentzian signature: 3-pt amplitudes supported on complex kinematics.

Split signature (', 12, x", x?): 3-pt amplitudes supported on real kinematics,
eg, p=m(0,1,0,0), g (1,0,0,1).
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Part Ill: From Scattering Amplitudes to Classical Double Copy

3-point scattering amplitudes
On-shell 3-pt interaction: massive particle emits gauge boson.

p—q

p

3-pt amplitudes are the building blocks of modern on-shell methods.
Eg. BCFW recursion.

Lorentzian signature: 3-pt amplitudes supported on complex kinematics.

Split signature (', 12, x", x?): 3-pt amplitudes supported on real kinematics,
eg, p=m(0,1,0,0), g (1,0,0,1).

Classical limit: q-= hk, h — 0. KMOC formalism [Kosower, Maybe, O’Connell 18]
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Part Ill: From Scattering Amplitudes to Classical Double Copy

Classical fields from 3'pt amplitUdeS [RM, O'Connell, Peinador, Sergola 20]

What classical objects do 3-pt amplitudes compute?

= Linearised curvature (gravity) and field strength (EM) in split signature.
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Part Ill: From Scattering Amplitudes to Classical Double Copy

Classical fields from 3'pt amplitUdeS [RM, O'Connell, Peinador, Sergola 20]
What classical objects do 3-pt amplitudes compute?
= Linearised curvature (gravity) and field strength (EM) in split signature.

KMOC formalism: (0) = ,(STOS);, S=1+iT [eg. O=F,(x)]

calcuiyon <O(X) >c|assical = Re/d4k (i(k2)9(k1) @(k) eiik.x
~——

includes 3-pt amp
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Part Ill: From Scattering Amplitudes to Classical Double Copy

CIaSSicaI fields from 3'pt amplitUdeS [RM, O’Connell, Peinador, Sergola 20]

What classical objects do 3-pt amplitudes compute?

= Linearised curvature (gravity) and field strength (EM) in split signature

KMOC formalism: (0) = ,(STOS);, S=1+iT [eg. O=F,(x)]

calcuiyon <O(X) >c|assical = Re/d4k (i(k2)9(k1) @(k) eiik.x
~——

includes 3-pt amp

and k% =0: k' — |k [k|, , we find for ‘static’ particle

Casop(k) = |K)alk)s|k)c|k)p Aéfg),av(k) Schwarzschild*
fag(k) = [K)al k)5 AS 2y (K) Coulomb”
S(k) =1 1/r*

analytic continuation to split signature
eg, A5 2y (k) ~ p- ) (k)
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Part Ill: From Scattering Amplitudes to Classical Double Copy

Double copy: from amplitudes to classical solutions

Amplitudes
double copy

Ay = (A52,)°

Back to coordinate space —

Classical solutions

Weyl double copy
in on-shell momentum space

—_

Cascp = = Tias fon)

3

Schwarzschild ~ (Coulomb)?

Why simplicity in coordinate space examples? Symmetry!

Expect generic double copy to be non-local in coordinate space. [anastasiou et al 14]
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Conclusion

Conclusion J
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Conclusion

Conclusion

@ Double copy (DC) has proven very useful. (review: Bern et al 1909.01358]

@ DC of classical solutions possible.

BB - [ (3K

@ Various approaches exploit algebraic structure, ‘stringy’ aspects, . ..

@ DC of classical solutions = DC of amplitudes.
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Conclusion

Conclusion

@ Double copy (DC) has proven very useful. (review: Bern et al 1909.01358]

@ DC of classical solutions possible.

BB - [ (3K

@ Various approaches exploit algebraic structure, ‘stringy’ aspects, . ..

@ DC of classical solutions = DC of amplitudes.

Much more to explore

@ Larger classes of solutions, duality transf., asymptotic symmetries, ...

[e.g., Godazgar et al, Huang et al, Alawadhi et al, Banerjee et al, Moynihan et al, Berman et al, Campiglia et al]
@ Generic non-linear classical DC?

@ Not discussed: colour-kinematics duality, field/string amplitudes, . ..
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